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Abstract. Let p > 3 be a prime, and let m be an integer with p \ m. In the paper we 
1/^ \ prove some supercongruences concerning 

'w- " P— 1 (2k\(3k\ p-l /2k\/4k\ p-1 /SfewefeX 

pH ' \ ^ V fc A fc / \ ^ \ k ) \2kJ \ ^ \ k) V3fc/ 

iTT ! ri; 54^ ' 128*= ' f-L 432'= ' 

t\i , ^ ^ j^fc 

fc=0 fc=0 A:=0 

Thus we solve some conjectures of Zhi-Wei Sun and the author. 

> ■ MSG: Primary 11A07, Secondary 05A10, 05A19, 11E25 

O : Keywords: Congruence; binomial coefficient; binary quadratic form 

o _ 

1. Introduction. 

For positive integers a, h and n, if n = ax^ + hy^ for some integers x and y, we briefly 
say that n = ax"^ + hy^ . Let p > 3 be a prime. In 2003, Rodriguez- Villegas[RV] posed 
some conjectures on supercongruences modulo p^. Three of his conjectures are equivalent 

><; to 

^: (Li) 

(?)^(?) _ / - 2P (mod p2) if p = + 3^2 = 1 (mod 3), 

^ lOS'^ " \ (mod p2) ifp = 2(mod3), 

(1-2) 

Y^{^k)\f^ _ / 4c2 - 2p (mod p2) ifp = c2 +2^2 = 1,3 (mod 

fc=0 

(1-3) 

_ / (f)(4a2-2p) (modp2) if p = + 6^ ^ 1 (mod 4) and 2 f a, 

fc=0 



256'' [ (mod if p = 5, 7 (mod 



1728'= t (mod p2) if p = 3 (mod 4), 



where (— ) is the Jacobi symbol. The above conjectures have been solved by Mortenson[M] 
and Zhi^Wei Sun[Su2]. 



The author is supported by the Natural Sciences Foundation of China (grant No. 10971078). 
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Let Z be the set of integers, and let [x] be the greatest integer function. For a prime 
p let Zp be the set of rational numbers whose denominator is coprimc to p. Recently the 
author's brother Zhi-Wei Sun posed many conjectures ([Sul]) involving 

P-l f2k\ {3k\ P-l {2k\ (4k\ P-1 /3fc\ /6A;\ 

E \k)\k) V fc ) \2k) I fc ) \3k) 

fc=0 k=0 k=0 

fe=o fc=o fc=o 

where p > 3 is a prime and m G Z with p \ m. For example, Zhi-Wei Sun conjectured 
([Sul, Conjectures A8 and A9]) that for any prime p > 3, 

(1.4) 

Ck)\'k) ^ f (mod if p ^ 2 (mod 3), 

^ (-192)'= ~ 1 - 2p (mod p^) if p = 1 (mod 3) and so 4p = + 27M2, 

(1.5) 

^ (6fc)! ^ r (mod p2) if (^) = _i, 

^ (-96)3'=(3A;)!/c!3 " | {^){x'^ - 2p) (mod p^) if (^) = 1 and so Ap = + 19y^. 

In [S3], the author proved (1.4) and (1.5) modulo p. 

Let p be an odd prime and let a; be a variable. In the paper we establish the following 
general congruences: 



E(T) (-),.(i-2..))'.(EQa>f(-A 

fe=0 \ / \ / fc=0 \ / \ / 



As an application, using the work in [S2,S3] we prove many congruences modulo p^. For 
example, (1.4) is true for p = 2 (mod 3) and (1.5) is true when (^) = —1. 

2. Congruences for Efli (^^^ p'). 

Lemma 2.1. Let m be a nonnegative integer. Then 

^f2ky/3k\/ k \ ^ ^_^^^/2k\/3k\f2im-k)\/3im-k) 
Z^^\k) \k)\m-k)^ ^ Z^^\k)\k)\m-k )\m-k 

We prove the lemma by using WZ method and Mathematica. Clearly the result is 
true for m = 0, 1. Since both sides satisfy the same recurrence relation 

81(m+l)(3m+2)(3m+4)S'(m)-3(2m+3)(9m2+27m+22)5(m+l) + (m+2)35(m+2) - 0, 



we see that the lemma is true. The proof certificate for the left hand side is 

729A-2(/n, + 2){rn - 2k){rn - 2k + 1) 
{m- k + l){m- k + 2) ' 
and the proof certificate for the right hand side is 

9A;2(3m -3k+ l)(3m -3k + 2){9m^ - 9mk + 30m - Uk + 24) 
(m-A; + l)2(m-A; + 2)2 " 

Theorem 2.1. Let p be an odd prime and let x be a variable. Then 
Proof. It is clear that 

p-l /o, \ 2 



2(p-l) Tnin{m,p-1} ^^^x 2 /g^X / ^ 



m=0 A;=0 \ / \ / \ / 

Suppose p < m < 2p - 2 and < /c < p - 1. If /O f , then p \ {^^) and so | (2fc^2 
/c < |, then m — k>p — k>k and so (^^;,) = 0. Thus, from the above and Lemma 2.1 

we deduce 

p-l /o; \ 2 



k=0 



, , , k } \m — k 

m=0 fc=0 
p— 1 m 

= E-"'E 



2A;\ /3/c\ /2(m - /3(m - /c) 
k ) \ k ) \ m — k ) \ m — k 



m=0 fe=0 

E(?)©^'E(t:f)r::f>-' 

rC — TTi — k 

"'^ '2k\ /3k\ .''^'^ f2r\ /3r 



r 
X 



=E(:j(:j^' E 

=g(?)(T)^igQe;)-Ey^^^^^^ 
=(Ea*)(t)-)^-Ea*)(t)<Ec;)e;)---^)- 



7" 

a; 



If ^ < < P- 1, then {^^) {^^) = = (mod p"^). If < k < ^ and p-k < r < p-1, 
then f < r < p- 1 and so {^^) f;) = M = q (mod p^). If|<A;<^andp-A;<r< 
p-1, then r > p - /c> I , (^,^) (^,^) = ^ ^ (mod p) and (2;) (3;) = ^^0 (mod p) . 
Hence, for < /c < p - 1 and p - /c < r < p - 1 we have | (2fcj ^3fc^ ^2r^ pr^ ^^^^ 



Therefore the result follows. 

Corollary 2.1. Lei p > 3 be a prime and m E Zp with m ^ (mod p). Then 
E^^^"(E(J(,j( )) (""odA 



k=0 k=0 



Proof. Taking x = ^ y/'^^^o ^/rn Theorem 2.1 we deduce the result. 
Corollary 2.2. Let p > 3 be a prime and m G Zp with m ^ (mod p). Then 

[p/3] /2A:\2/3fc\ p-1 /2A;\ 2 /3A;\ 

E ^'^^ l,'^' = (mod p) implies ^ ^ !: ^ = (mod p^). 

k=0 k=0 



Proof. Clearly {^^) ) = ^ = (modp) for f < /c < p. Suppose = 
(mod p). Then 

y UIAaI = y iAlAAl = (mod p). 



fc=0 A;=0 



Using Corollary 2.1 we see that 

^ (2k\ (3k\ /I - a/1 - 108/m\fc 

and so the result follows from Corollary 2.1. 

Theorem 2.2. Let p = 1 (mod 3) be a prime and so p = + with A = \ (mod 3). 
Then 

P-I I2k\ /3k\ 



p-i (2k\ /3k\ 



k=0 



Proof. Clearly {^^){^^) = ^ = (mod p) for f < /c < p. Using [SI, Theorem 2.5] 
we have 

fe=0 k=0 k=0 
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Set Elll ^^W^ = 2^ + (IP- Then 

P — /'2k\ /Sk\ 

( E ' = (2^ + ^Pf ^ + (mod p^). 



A:=0 

Taking m = 108 in Corollary 2.1 we get 



fe=0 fe=0 



Thus, by (1.1) and the above we have 

4^^-2p^5^i^^^^(5^i^^) ^ 4^^p (mod p^) 



fc=0 A:=0 

and hence = — 2^ (mod p) . So the theorem is proved. 

Remark 2.1 Theorem 2.2 was conjectured by the author in [SI]. When p is a prime of 

the form 6A; + 5, it was conjectured in [SI] that ^^=0 54 fe'' = (mod p^). This was 
recently confirmed by Zhi-Wei Sun[Su3]. 

Theorem 2.3. Let]) = 5 (mod 6) be a prime. Then 

Proof. Since {^^) {^^) = ^ = (mod p) for f < /c < p, from [S3, Theorem 4.3] we 
know that 

(_2i6)fc ^ (-216)fe • " ^ (-216)'= • A;!3 ~ ^ 

fc=0 ^ ^ fe=0 ^ ^ fc=0 ^ ^ 

Thus, taking a; = ~2T6 Theorem 2.1 we obtain the result. 
Lemma 2.2. Let m be a nonnegative integer. Then 

^f2kyf4k\f k \, .rn-k^^('2k\Mk\f2{m-k)\f4irn-k) 
) \2k)\m-k)^ ' ^V^/V2^yV )\2{m-k) 

We prove the lemma by using WZ method and Mathematica. Clearly the result is 
true for m = 0, 1. Since both sides satisfy the same recurrence relation 

1024(m + l)(2m + l)(2m + Z)S{m) - 8(2m + 3)(8m^ + 24m + lQ)S{m + 1) 
+ (m + 2fS{m + 2) = 0, 
we see that Lemma 2.2 is true. The proof certificate for the left hand side is 

_ 4096A;2 (m + 2) (m - 2k) (m - 2/c + 1) 
{m-k + l){m-k + 2) ' 
and the proof certificate for the right hand side is 

16A;2(4m - 4/c + l)(4m -Ak + 3)(16m2 - 16mA; + 55m - 26A; + 46) 
(m-A; + l)2(m-A; + 2)2 " 
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Theorem 2.4. Let p be an odd prime and let x be a variable. Then 

fe — k — 



Proof. It is clear that 

f ~1 /oi \ 2 



Ee:)^(::)^'Ee)(-r 

k=0 \ / \ / r=0 ^ ^ 

2(p-l) mm{m,p-l} /r,;\2/.,x / , x 



m=0 A;=0 



Suppose p <m<2p-2 and < A; < p - 1. If A; > |, then p \ {^^) and so p'^ \ {^^) . If 
< |, then m — k>p — k>k and so (^^;,) = 0. Thus, from the above and Lemma 2.2 
we deduce 



fe=0 

p-1 



m=0 fc=0 
p— 1 m 

m=0 fc=0 



m—k 



2k\ /4/c\ /2(m - k)\ /4(m - /c) 



' ^2/e\ f4k\ ^4 /2(m - k)\ (A{m - k)\ 



=|ff)C)./r(T)C 



p-i /o.x /..X /o,„x /..„x P-1 .2r\ Mr 



r 

r / \2r 



E(t)Q^iEC;)G:)--E 

fc=0 X / \ / r=0 \ / \ / r=p-/ 



fe=0 \ / ^ / fe=o X / X / r=p-fe 



Now suppose < A; < p - 1 and p-k<r<p-l. IfA;>^, then p^ \ {2k)\ 

(4A:)! 
(2fc)!A;!2 

(2r)!r! 



p3 I (4fc)! and so {^^) {f^ = = (mod p^). If < f , then r > p - A; > f and so 

(';) it) = TOT = (^od If I < /, < I, then r > p - A; > f , p f (2^)!, p | (4^)!, 
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P I (';) (t) (S) = ^ (mod p).lil<k< % then r > p - /c> |, p | (t) 

and (53 = ^ (mod p). Hence we always have (2,^) (J^ (2;) (5:;) ^ (mod p^) 



and so 

P— 1 /;-,,\ /<T\ P~l 



Now combining all the above we obtain the result. 

Corollary 2.3. Let p > 3 be a prime and m & Zp with m ^ (mod p). Then 

k=0 k=0 \ / \ / 



Proof. Taking x = ^ ^\-^ ~^ i^i Theorem 2.4 we deduce the result. 
Corollary 2.4. Let p > 3 be a prime and m & with m ^ (mod p). Then 



y '-^^ ^^^^^ = (mod p) implies V ^''^ ^ = (mod p^). 

k=o k=o 

Proof. For I < /c < p we see that C^fif^) = ^ = (mod p). Suppose 
Ei=J ' = (mod p). Then 

P-l /2fc\2/4fe\ [p/4] /2fc\2/4fe\ 

^ U; bfcj = J2 iAM2fei ^ (modp). 

fc=0 A;=0 



Using Corollary 2.3 we see that 



,kj\2kj\ 128 
fc=0 \ / \ / 

and so the result follows from Corollary 2.3. 

Theorem 2.5. Let p = 1,3 (mod 8) be a prime and p — + 2d^ with c,d & Z and 
c = 1 (mod 4). Then 

P-I ^2k\ (4k\ 

k J \2k) _ 



p-1 (2k\ {4k\ 

E - (-l)[f (2c - I) (mod p^). 

A;=0 



Proof. From the proof of Theorem 2.4 we know that p \ {^^) (3^) for | < A; < p. By 
[S2, Theorem 2.1] we have 



P-l (2k\ (4k\ [p/4] f2k\ (4k\ 

E HisF - E - (-l)l«l-^'^2c (mod p). 



128fc ^ 128^= 

fe=0 fe=0 
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Set EUmfe^ = (-l)[^l+^2c+9p. Then 

P-I /2fc\ /4fc\ 2 

J2 ) = ((-l)f^^+^2c + qpf = 4c2 + (-l)[f ]+^4cQp (mod p^). 

/ n 



Taking m = 256 in Corollary 2.3 we get 



P-1 /2fe\^/'4fc\ P-1 /2/c\/4fe\ 2 



fc=0 A;=0 

Thus, by (1.2) and the above, 

P-l /2fc\2/4fc\ p-1 /'2A;W4fc\ 2 

V fc / \2kJ — ( V fc / \2k) ^ 



4c^ - 2p ^ 5] ^ ( 5] i^AUZ) ^ Ac' + (-l)[tl+^4cgp (mod /) 

fc=0 fe=0 



and hence = — (— 1)[8]+''2^ (mod p). So the theorem is proved. 

Remark 2.2 Theorem 2.5 is a conjecture of Zhi-Wei Sun ([Sul, Conjecture A49]). In 
[Su3], Zhi-Wei Sun showed that X)fe=J ^W^P = (mod p^) for primes p = 5, 7 (mod 8). 
Theorem 2.6 ([SI, Conjecture 2.1]). Letp > 3 be a prime of the form 4A; + 3. Then 

k=0 

Proof. Since p \ {'^) {f^) for p > A; > |, from [S2, Theorem 2.4] we know that 

P-I (2k\ /4k\ [p/4] /2k\ (4k\ 
k=0 k=0 

Thus, taking a; = in Theorem 2.4 and applying the above we obtain the result. 
Theorem 2.7 ([SI, Conjecture 2.2]). Letp be a prime of the form 6k + 5. Then 

k=0 ^ ' 

Proof. Since p \ i^^) (2^) for p > /o |, from [S2, Theorem 2.5] we know that 

P-l (2k\ (Ak\ [p/4] /2k\ (4k\ 

E^^-E^^-Ot^dp). 

k=Q k=0 



Thus, taking x = ^ in Theorem 2.4 and applying the above we obtain the result. 
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Theorem 2.8 ([SI, Conjecture 2.3]). Letp > 3 be a prime such thatp = 3, 5, 6 (mod 7). 
Then 

P-l (2k\'^ (4:k\ 

i:7f4M-0(modA 



(-3969)' 

Proof. Since p \ (^^') {f^) for p > /c > |, from [S2, Theorem 2.6] we know that 



A;=0 

{2k\ Mk\ 



p-1 (2k\ (4k\ [p/4] /2k\ (4:k\ 



63'= ^ 63^= 

k=0 k=0 



Thus, taking a; = in Theorem 2.4 and applying the above we obtain the result. 

/2*:\/3fc\/6fe\ 

3. Congruences for ^^Iq (mod p^). 

Lemma 3.1. Let m be a nonnegative integer. Then 



S(T)(?)(::)U-.)<-r--£(T)Qr:: 



3k\ f 6k\ f 3(m — k)\ / 6(m — k) 
k ) \3{m - k) 



We prove the lemma by using WZ method and Mathematica. Clearly the result is 
true for m = 0, 1. Since both sides satisfy the same recurrence relation 

20736(m + l)(3m + l)(3m + h)S{m) - 24(2m + 3)(18m2 + 54m + 41)5(m + 1) 
+ {m + 2fS{m + 2) = 0, 

we see that Lemma 3.1 is true. The proof certificate for the left hand side is 

186624A;2(m + 2)(m - 2k){m, - 2fc + 1) 
(m-A; + l)(m-/c + 2) ' 

and the proof certificate for the right hand side is 

144/c2(6m - 6A; + l)(6m - 6/c + 5)(36m2 - 36m/c + 129m - 62A; + 114) 

(m-fc + l)2(m-A; + 2)2 " 

For given prime p and integer n, if | n but | n, we say that || n. 
Lemma 3.2. Let p be an odd prime, k,r & {0, 1, . . . ,p — 1} and k + r > p. Then 

'?)(S)C:)G:)-(-''^)- 

Proof. If A; > f , then / | (6A;)!, p \\ (2A;)!, p^ \\ {3k)\ and so {^^) {H) = = 
(mod p2). If ^ < k < ^, then 2p < 3k < 3p, 4p < 6k < 5p, p^ \\ (6/c)!, || (3^)!, 
p II {2ky. and so {'^) Ql) = ^^^^ = (mod p). If f < < f , then p < 3k < 2p, 
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3p<6k< 4p, / I (6/c)!, p II (2/c)!, p || (3/c)! and so (3,^) (J) = H(||k)T ^ (^^d p). 
If f < < f , then 2k < p, p < 3k < 2p, 6k > 2p, p'^ \ {6k)\, p f (2A;)!, p \\ (3A;)! 
and so {ID = kr(2kyi3ky = ^ ("^^^ p). If § < /e < f , then S/c < p, 6A;> p and so 

From the above we see that p \ {'^^)QD ^ ^ f' Therefore, if /c > | and r > |, 
then (t) (Z) - (mod p^). If r < |, then > p - r > f and so | (t) gf) 

by the above. If k < |, then r > p — k > ^ and so | {^^^ (3^) by the above. 

Now putting aU the above together we prove the lemma. 



Theorem 3.1. Let p be an odd prime and let x be a variable. Then 



Proof. It is clear that 



^k I \ k I \3k J ^ \r 

fc=0 ^ / \ / \ / r-=o ^ 



2(p— 1) min{m,p— 1} 



m=0 fe=0 



2/c\ /3/e\ /6/c\ / k 



\ra—k 



Suppose p < m <2p — 2 and 0</c<]? — 1. Iffc>^, then 2p <3k < 3p, 6/c > 4p, 
p3 I (3fc)!, p4 I (6^)1 and so (^l) i^l) (^^ = = (mod p^). if £ < < ^, then 

3k < 2p, 6k > 3p, p^ t (3A;)! and p^ \ (6A:)! and so {''^) Ql) = = (mod p^). if 

/c < |, then m — k>p — k>k and so (^^^) = 0. Thus, from the above and Lemma 3.1 

10 



we deduce 

p-i 



S(?)(t)©(^(--))' 



k=0 

m=0 fc=0 

p—1 m 

= V x'" V 

,\kj\3kj\ m-k J \3(m - k) 

m=0 fe=0 \ /\V / 



k J \ k J \3k J \m — /c 
3k\ f 6k\ f 3(m — k)\ f 6(m — k) 



^ /c / \3k J ^ \ m — k J \3(m — k) 

k=0 ^ / \ / rn=k ^ / \ \ I 

k=0 V / \ / r=0 \ / \ 

p—1 P~l /o \ //-> \ P~l 



. /c / V3/c/ / ^ \ k J \3k J ^ \f J \3r, 

k=0 ^ ' ^ ' k=0 ^ ' ' r=p—k 

By Lemma 3.2, we have \ {^^) (H) {^^) Ql) forO<A;<p-landp-/c<r<p-l. 
Thus 

Effl©^':EC;)o--(-^^)- 

Now combining all the above we obtain the result. 

Corollary 3.1. Let p > 3 be a prime and m & 'Zp with m ^ (mod p). Then 

fe=0 fc=0 \ / \ / 

Proof. Taking x = ^ ^^g64^ ~^ Theorem 3.1 we deduce the result. 
Corollary 3.2. Let p > 3 be a prime and m E Zp with m ^ (mod p). Then 

b/6] /2k\/3k\/6k\ p-1 /2k\/3k\/6k\ 

^ UAfeAsfeZ = (mod p) zmp/zes ^ U A fc Aafci ^ q ^^^^^ ^2-, 



fc=0 fc=0 



Proof. From the proof of Lemma 3.2 we know that P \ { j^) (3;-) for p > A; > |. Suppose 
EL=? l^y^^^ = (mod p). Then 

P-I ^2A;\ /SfcX ^6fc\ [p/6] /2fc\ /'SfcN /'6fc\ 

{kJKkJ \3k) — V fc A fc J V3fcJ _ Q Cjj^qJ „\ 

jL^ jy^k ^k 

k=0 k=0 
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Using Corollary 3.1 we see that 
and so the result follows. 

Theorem 3.2. Let p = l (mod 4) be a prime and p = a'^ + b'^ with a,b E Z and 4 | a — 1 . 
Then 

p-i (6k\ /3fe\ f 2a - (mod p^) ifp = i (mod 12) and 3 f a, 

J2 sgJ ^ I ^ 2^ ^•^^ ^ ^ -^^^ "^"^ ^ ' 

I 26 - ^ (mod p'^) ifp = 5 (mod 12) and 3 | a - 6. 

Proof. By the proof of Lemma 3.2, we have p \ [^^) (3^) for p > A; > |. Set 

a if p = 1 (mod 12) and 3 f a, 
—a if p = 1 (mod 12) and 3 | a, 
b a p = 5 (mod 12) and 3 \ a — b. 

Using [S3, Theorem 2.1] we have 

P-I /3/i\ f6k\ [p/6] f3k\ f6k\ 



EW-EW-2r(modp). 



854fe 864fe 

fc=0 k=0 



/3k\ /Qk\ 

Set Y:Vo = 2r + ^P- Then 



P-I /3A;\ /6fc\ 2 

( E ^64^) = ^^"^ + ^ ^""^ + ^""^^ ^"^""^ 
Taking m = 1728 in Corollary 3.1 we get 

P-I (2k\(3k\(6k\ p-1 /SfcA /6fc\ 2 

\ k)\k) \3k) — ( Sr^ \ k I \3k) \ (^f.A „2\ 

1728fc 864^= y l"ioa;;j. 

/c^O k=0 

Thus, by (1.3) and the above, 

P-l (2k\ (?,k\ (Gk\ p-1 (?,k\ (6k\ ^ 

(|) (4a^ - 2p) . 5: Hki^ " ( ^ H^) " + '^^^ 

fc=0 A;=0 

and hence g = — ^ (mod p). So the theorem is proved. 

Remark 3.1 Theorem 3.2 is a conjecture of Zhi-Wei Sun ([Sul, Conjecture A44]). In 

[Su3], Zhi-Wei Sun showed that YX=q 864^ = ^ (modp^) for any prime p = 4n-|-3 > 3. 
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Theorem 3.3 ([SI, Conjectures 2.8 and 2.9]). Let p > 7 be a prime such that 
p = 3,5,6 (mod 7). Then 

P-l (2k\ (3k\ (6k\ P-1 (2k\ (3k\ f6k\ 

E \k)\k ) \3k) — \^ \k)\k ) \3k) — n (^^fi „2\ 
(_15)3/c -Z^ 2553fc -ui^moap;. 

A;=0 ^ ^ fc=0 

Proof. This is immediate from [S3, Theorems 3.9 and 3.10] and Corollary 3.2. 

Theorem 3.4 ([Sul, Conjecture A26]). Let p be an odd prime with p = 2,6,7,8, 
10 (mod 11). Then 

P-I (2k\ (3k\ /6k\ 

Proof. This is immediate from [S3, Theorem 3.4] and Corollary 3.2. 
Theorem 3.5 ([Sul, Conjecture A9]). Let p > 3 be a prime with (^) = —1. Then 

P-I (2k\ (3k\ (6k\ 



fc=0 



Proof. This is immediate from [S3, Theorem 3.5] and Corollary 3.2. 
Theorem 3.6 ([Sul, Conjecture AlO]). Let p > 5 be a prime with (^) = —1. Then 

P-I (2k\ (3k\ (6k\ 

Proof. This is immediate from [S3, Theorem 3.6] and Corollary 3.2. 

Theorem 3.7 ([Sul, Conjecture All]). Let p > 5 be a prime with p ^ 11 and 
(^) = -1. Then 

P-I f2k\ (3k\ (6k\ 

y ^l^'^^'^fj = (mod p2). 
^ (-5280)3^= ^ ^ ^ 

Proof. This is immediate from [S3, Theorem 3.7] and Corollary 3.2. 

Theorem 3.8 ([Sul, Conjecture A12]). Letp ^ 2, 3, 5, 23, 29 be a prime with (j^) = 
-1. Then 

P-l (2k\ (3k\ (6k\ 

y lAliAlk|^ = (modp2). 
^ (-640320)3'= ^ ^ ^ 



Proof. This is immediate from [S3, Theorem 3.8] and Corollary 3.2. 
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Theorem 3.9 ([SI, Conjecture 2.4]). Let p ^ 3,11 be a prime such that p = 
3 (mod 4). Then 

P-I /2k\ (3k\ fQk\ 

^UiAj_li3J ^O(mod/). 

fe=0 

Proof. This is immediate from [S3, Theorem 3.11] and Corollary 3.2. 

Theorem 3.10 ([SI, Conjecture 2.5]). Letp > 5 be a prime such thatp = 5, 7 (mod 8). 
Then 

P-I /2k\ (3k\ (6k\ 

E 203fe ^H^odp'). 

k=0 

Proof. This is immediate from [S3, Theorem 3.12] and Corollary 3.2. 

Theorem 3.11 ([SI, Conjecture 2.6]). Letp > 5 be a prime such thatp = 2 (mod 3). 
Then 

P-l (2k\ (3k\ (6k\ 

y UjUjbfcj =0 (mod p^). 
^ 54000^^ ^ ^ ' 

k=0 

Proof. This is immediate from [S3, Theorem 3.13] and Corollary 3.2. 

Acknowledgements. The author is indebted to Prof. Qing-Hu Hou for his help in 
proving Lemmas 2.1, 2.2 and 3.1 by using WZ method. 
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